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Fig. 3 Typical oscillogram, photomultiplier current vs time.

and the cathode was focussed on a photomultiplier. Periodic
variation in the photomultiplier output signal would indicate
the presence of a rotating spoke. Further discussion of the op-
tical technique and equipment is given in Ref. 10.

This investigation was carried out for argon mass flow rates
of 0.04-0.12 g/sec, exhaust tank pressures of 2.0x 10~2-
7.5xlO-2 torr, currents of 70-200 A, and magnetic field
strengths of 0.0-0.24 tesla.

Results and Discussion
No periodic intensity oscillations, except those attributed to

the 180 Hz power supply ripple, were observed for any com-
bination of operating conditions. Specifically, no oscillations
were present in the 25-300 kHz range expected for rotating
spoke discharges. A copy of a typical oscillogram, showing
luminous intensity as a function of time, is given in Fig. 3.

These results were somewhat surprising in 'light of the
previous reports which predicted critical magnetic fields in the
0.1-0.2 tesla range, with spoke rotational frequencies on the
order of 50 kHz for the reported operating conditions. The
possibility of insufficient oscilloscope response was checked
by replacing the initial 300 kHz bandwidth instrument with
another oscilloscope having an upper frequency limit of 150
MHz. Possible inhibition of spoke operation by relatively
large power supply ripple was also considered. A capacitive
filter was inserted in the power supply output circuit to reduce
the ripple by approximately one order of magnitude. The ad-
ditional experiments confirmed the absence of periodic
oscillations for the range of operating conditions considered.

The primary difference between the present experimental
accelerator and those of the previously mentioned authors
was in the cathode design. A consideration of the strong tem-
perature dependence of electron emission and the thermal
profile of the simple hollow cathode would suggest that this
design would exhibit substantially more stable attachment
than the more common conical design.

We suggest that the observed cathode spot stability may
have had a direct effect on the discharge mode, maintaining a
uniform discharge in an operating region where spoke mode
operation has been observed by previous authors. This result
merits further study since the discharge mode may have a
direct effect on the electrode lifetime and the operating ef-
ficiency of a plasma accelerator.
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Turbulence-Model Predictions for a
Flat Plate Boundary Layer

Doyle Knight*
California Institute of Technology, Pasadena, Calif.

Introduction
TrtESEARCH with the turbulence model equations of
-IVSaffman on a variety of incompressible and compressible
flows has met with considerable success.2'6 In this instance,
the model equations were employed in a calculation of the
downstream development of mean flow quantities in a flat
plate, zero-pressure-gradient, incompressible turbulent boun-
dary layer—a problem not considered previously.

A. The Turbulence Model Equations for an Incompressible, Zero-
Pressure Gradient Boundary Layer

Using the boundary-layer approximation, the Reynolds
shear stress is postulated to satisfy the following constitutive
relation!

-uv=A(e/o))(dU/dy) (D

where e is the turbulence kinetic energy, and co is a pseudo-
vorticity. The transport equations for e and co, employing the
boundary-layer approximation, are the following:
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where v is the kinematic viscosity. The constants appearing in
the previous equations are given the following values:1

A =0.09; A'=A" =0.045; g'"= 5/3; a" =0.3; a' =0.163. It
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is important to note that these values were fixed by rather sim-
ple arguments,l and have not been optimized for any set of
flows (the value of a' is chosen to make von Karman's con-
stant /c = 0.41). The additional equations are the conservation
of mass and momentum

dx dy

dU dU d — 3U
U-—— + V—— = —— (-uv + v-—dx dy dy dy

(4)

(5)

The boundary conditions appropriate to this problem are the
following.1:
1) At y=ym, outside the viscous sublayer (ymii*/i>>5Q):

U= (u*/K)en(ymit*/v) + C

e= (a."

where u* = ( r w ( x ) / p ) 1/2 is the local friction velocity and
C=5.0.7 The assumption of a similarity profile for the mean
velocity in the sublayer, U= u* (x)f(yu* (x) f v ) , yields, from
the continuity equation

V+ym(U/u*(x)) (du*/dx)=0aty=ym

2) Asy^oo: U-U^, e~0,andu~0.

B. Details of the Numerical Solution
The preceding set of parabolic differential equations were

solved using the finite difference scheme of Keller.8 The
scheme has second-order accuracy with nonuniform mesh
spacing; furthermore, Richardson extrapolation is valid and
yields two orders of accuracy improvement per extrapolation
(with nonuniform nets).

The data of Klebanoff9 was used to provide an initial
profile for the dependent variables. The Reynolds number
based on the initial boundary-layer thickness was 6.59 10 +4,
and the initial skin friction coefficient was 2.73 10~3.

The initial profile was covered by 52 mesh points, of which
19 lay outside the boundary layer. The numerical scheme per-
mitted the boundary layer to grow downstream, adding mesh
points in the jv-direction in order to maintain at least 6 points
above the boundary layer at all downstream stations.

A value of ym =0.0375 6/ (d/ = initial boundary-layer
thickness) was used, corresponding to ymu*/v = 9l. at x = Q
(i.e., at the initial profile). A run with ym =0.0357 <5/ was
made, with essentially the same results for downstream
variables.

Because of the presence of 00 in the denominator of the eddy
viscosity, the boundary condition on o> at the top mesh point
was taken as

(7)

where co(0,oo) was taken to be 0.0374 <t)(0fym) . Equation (7)
is a solution of the approximate form of Eq. (3) at y>5,
namely

To damp out small oscillations in the dependent variables out-
side the boundary layer, e(x,oo) was taken to be 4.0 10"6 U2^
which corresponds to a turbulence intensity T= (2Ae/U2^ Vz

= 0.00164. The shear stress was calculated on the assumption
of a constant-stress sublayer. The formula is

cf=
TW(X) 2A e dU

oT dy ^y=y» (8)

For the first 40 downstream stations only, increments in x
of 0.001 <5, were taken and consecutive pairs of stations were
averaged in x, the average values being placed at the midpoint
of the two x-stations. The mesh size in x was gradually in-
creased over the next 30 stations to 0.1 5/, and the com-
putation was ended at x = 91 d /.

C. Results
Figure 1 indicates the downstream development of the

shape factor (the ratio of displacement to momentum
thickness). The contribution to these integrals from the region
0<>><ym was obtained from the standard sublayer profiles of
Coles7 and the law of the wall, using the calculated value of
the shear stress [i.e., Eq. (8)]. The shape factor decreases
from an initial value of 1.393 to 1.328 at ;c = 30 5/, and
thereafter slowly declines to 1.287 at * = 91 <5/. Figure 1 also
exhibits the calculated skin friction coefficient and the predic-
ted values according to the skin friction law of Coles, which
may be presented in the following form for an incompressible,
fully developed flat-plate boundary layer with no pressure
gradient:

cf=* •]" (9)+CK

= U00d*/v,K = QAl9 C = 5.0, andll = 0.62.7

The calculated skin friction rises by 1.43% from x = Q to x
= 21 6,, indicating a relaxation from the initial profiles.
Various techniques were attempted to decrease or eliminate
this relaxation, which is due to an incompatibility of the
initial data and the model equations, but none were suc-
cessful. From A: = 21 <5, onwards, the calculated skin friction is
steadily decreasing, and at# = 91 6,, cf = 2.511 10'3. The value
predicted by Coles' skin friction law [Eq. (9)] is 2.397 10'3 at
jt = 91 5/, and the calculated data are within 7.6% of the
predicted values at all x. The skin friction calculations were
also compared with the skin friction law of Karman and
Schoenherr10

where 0 is the displacement thickness, RQ = UQOQ/v. The
calculated values of cf agreed to within 6.4% for all x. The
initial profiles of turbulence energy and shear stress, and the
calculated profiles at x = 90 6, are shown in Fig. 2. Note that

Fig. 1 Downstream
variation of shape
factor and skin friction.

INITIAL PROFILES
- THEORY, X=90S{

which is consistent with the boundary conditions in Eq. (6).

Fig. 2 Initial and
final turbulence energy
and Reynolds stress
Profi'es.
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Fig. 3 Mean velocity profile in wall variables.

Fig. 4 Mean velocity profile in
outer variables.

both variables exhibit a sharp interface or superlayer at y = d
(x) . 3 In Fig. 3, the mean velocity at x = 90 6/ is plotted in wall
variables. Within the region of validity of the law of the wall,
the calculated profile is within 1 % of the log profile

where K = 0.41,C = 5.0, and u* is calculated from Eq. (8). The
combined law of the wall and wake

U/u* - ( I/AC) en(yu*/v) + C+ (2U/K)sm2(iry/25)

(where 11-0,62 for a flat-plate zero pressure gradient tur-
bulent boundary layer8) implies a relation between the skin
friction and boundary-layer thickness, and therefore the small
error in calculating cf (Fig, 1) precludes comparison with the
velocity profile in the wake region. Furthermore, the com-
bined law of the wall and wake, being an unconditional
average taken at a fixed distance from the wall, embodies the
intermittent structure of the outer region of the boundary
layer. The model equations, however, assume no in-
termittency, and it would therefore be more appropriate to
compare the calculated mean velocity as well as the calculated
mean turbulence quantities in the outer region with con-
ditional turbulent averages taken at fixed distances from the
instantaneous edge of the boundary layer. Such measure-
ments have apparently not been published to date. The mean
velocity at Jt=90 de is replotted in Fig. 4 in outer variables to
display its sharp superlayer at y — d.
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Holographic Analysis of Particle-
Induced Hypersonic Bow-Shock

Distortions
D.T. Hove* and A. A. Smith!

Science Applications, Inc., El Segundo, Calif.

Introduction
1T1ACKFACE temperature measurements made on
iJthin skin blunt models subjected to dust-laden,
hypersonic flows have indicated significantly enhanced
stagnation region heating rates over clear air values.l"3 High-
speed shadowgraph movies taken in hypersonic wind tunnels
and laser photographs taken in ballistic ranges revealed that
the model bow shocks were severely distorted by the par-
ticulate in the flow. The bow shock distortions generally had
the appearance of large-angle conical shocks which traveled
upstream from the bow shock and then collapsed or were
swept around the model. Previous investigators2'3 postulated
that the shock distortions were initiated by rebounding dust
particles or model ejecta and that the large cone angles were
due to communication with the high pressure bow-shock
region through the particle wakes.

Tests were performed in the Boeing Hypersonic Wind Tun-
nel in a Mach 5 combined dust particle/aerodynamic flow en-
vironment to investigate the particle-induced bow-shock
distortions and their connection with enhanced stagnation
region heating rates. As part of the test program, three-
dimensional laser holograms were obtained to examine the
structure of the bow-shock distortions.

Experiment Description
An in-line laser holocamera mounted perpendicular to the

wind tunnel centerline viewed the models through 15-cm op-
tical windows. Coherent light from a 30-millijoule Q-switched
ruby laser was used to illuminate the particle field and test
model. Duration of the laser pulse was about 15 nsec which
effectively froze the particle and shock distortion motion.

The laser power source was charged when the tunnel con-
ditions were being established, and the laser was fired
manually about a second after the model reached the tunnel
centerline. Holograms were taken of 12 dust tests including
two model sizes and materials (2.5 and 6.0 cm titanium and
graphite disks), two flow unit Reynolds number (2.8 and
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